Ipuiaoxkenue 2.27

18. Pe3romera Ha nyOJMKanuuTe
Ha gou. A-p Tomop Tomopos

3a yyacTHE B KOHKYpPC 3a 3a€MaHe€ Ha akaJeMH4YHaTa JIIbXKHOCT ,,ipodecop™ B oOmacT Ha
Buciue obpaszoBanue 4. [IpuponHu Hayku, MaremaThka W MH(poOpMaTuKa, NMpodhecuoHaITHO
HanpasieHue 4.5 Maremarrka, Hay4Ha CleHHaHOCT ,,I3uncnurenHa MmaTemMaTuka™ o0siBeH
B /ImpkaBeH BecTHUK Opoii 50, 15 ronu 2021r.

A62. M. S. Petrov, T. D. Todorov, G. Walters, D. M. Williams, F. D. Witherden,
Enabling four-dimensional conformal hybrid meshing with cubic pyramids, arXiv, Cornell
University. ISSN 2331-8422

OpToronajHu 0a3ucH BbPXy ONTUMAJIHO PAPMHUPAHU XHOPHIAHU MPeEKH

OcHoBHaTa 11eJ1 Ha Ta3u CTaTus € Ja pa3padoTH HOBA CTPATETHUs 33 CI'bCTSABAHE HA YSTUPHUMEPHH
XHOpUAHU MpeXxH, 0a3upaHu Ha KyOndHu nupamunu. [Ipeanmoxenara onTuManHa cTpaTerHs 3a
CT'BCTSIBAaHE pauHMpa JdaZieHa KyOMuHa NHpamMuia KOH(POPMHO dYpe3 HAbOp OT MHOJ00HH
KyOMYHHM MHUpaMUAM ¥ MHBAPUAHTHU OWNEHTATONH. 3a KyOWYHUTE NMUPAMHIATHH €JIEMEHTH €
MOJIy4YeH HOB KJIAC HAITBJIHO CUMETPUYHM KBaJIpaTypHU (POPMYINIHU C MOJOXKUTENHHU Terna. Te3u
KBaJpaTypHH (HOpMyIH ca TOYHHM 32 aNreOpHYHH NOJIMHOMH ChC cTeneHu 1o 12. EdextuBHOCTTA
UM C€ JIEMOHCTpUpA YCICIIHO BBPXY MOJMHOMHAIHU W TPAHCUEACHTAIHUA (YHKLUH.
[IpencTaBeHUTE METOIM 3a CT'BCTABAHE U KBAIPAaTYpHU (OPMYIH OTBAPSIT HOBU BE3MOKHOCTH 32
ynoTtpebara Ha METoJla Ha KpallHUTE €JEeMEHTH IpH pellaBaHe Ha MPOCTPAHCTBEHO BPEMEBHU
3a1a4H.

Orthogonal bases in optimal refined hybrid mehes

The main purpose of this article is to develop a novel refinement strategy for four-dimensional
hybrid meshes based on cubic pyramids. This optimal refinement strategy subdivides a given
cubic pyramid into a conforming set of congruent cubic pyramids and invariant bipentatopes.
The theoretical properties of the refinement strategy are rigorously analyzed and evaluated. In
addition, a new class of fully symmetric quadrature rules with positive weights are generated for
the cubic pyramid. These rules are capable of exactly integrating polynomials with degrees up to
12. Their effectiveness is successfully demonstrated on polynomial and transcendental functions.
Broadly speaking, the refinement strategy and quadrature rules in this paper open new avenues
for four-dimensional hybrid meshing, and space-time finite element methods.
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[IpecnuyaHe HA MOJTUTONH B N-MEPHHU NMPOCTPAHCTBA

[IpecuyaneTo Ha MOJIMTONHU € OCHOBEH NPO0JIeM Ha M3YHCIUTENHaTa reoMeTpus. Tosa e 3agaya
C MHOTOOpOWHU HMHXXEHEpHH mpuioxkeHus. [Ipu ch3gaBaHe Ha KpalHOEIEMEHTHH MpPEXH €
HEOOXOIUM KOHTPOJI 3a IpecHYaHe Ha CHMIUIEKCHM W NapajejoToNu. YCTaHOBABaHE Ha
[IPECUYAHE HAa M3IBKHAIM IOJUTONM C IIPOCTa TIEOMETPUS € W3KIIOYUTEIHO BaXXHO IIO
OTHOLICHHE Ha pEIIaBaHe Ha IPaKTUYECKU 3aJa4d CBBP3aHM C TIEHEPUPAHETO Ha
KpalHOEJIEMEHTHU MpEKHU. Ta3u craThs € IIOCBETEHAa Ha AJITOPUTBM 3a YCTAHOBABAaHE Ha
IIPECHYaHEe Ha M3IMbKHAIM nosmTond. lIpencraBsimMe HOB MTEpAaTUBEH AINTOPUTBM, KOMTO €
HE3aBUCHM OT pa3MepHOCTTa Ha EBKIMAOBOTO mnpocTpaHcTBO. (OcHOBHaTa uues ¢
TPUAHTYJINPAaHE HA TECTBAHUTE IOJMTONM YPE3 CUMIUIMLIAAIHN KPAWHU €IEMEHTH U CJIEe]l TOBA
U3CciIeBaHe Ha JBOMKHM TMOTEHIMAIHM CHUMIUIEKCH 3a MpecuyaHe. 3a Ta3H Iell € pa3paboTeH
METOJI 32 OTKPHBaHE Ha MPECHYAIIN CUMIUIEKCH B R™. ANTOPUTBMBT € MOJPOOHO OMUCaH 4pes3
ncesnokoy. IIpenumcrBara Ha NPENVIOKEHUS METOJ Ca JEMOHCTPUPAHU B JIBaHAIECETMEPHO
EBKJIMI0BO TPOCTPAHCTRO.

Intersection of polytopes in n-dimensional spaces

The intersection of polytopes is a basic problem of computational geometry with many
engineering applications. Intersections of simplices or parallelotopes have been widely used in
finite element grid generations. This paper is devoted to an algorithm for detecting overlapping
polytopes. We present a new iterative algorithm, which is independent of the dimension of the
Euclidean space. The main idea is triangulating the tested polytopes by simplicial _nite elements
and then investigating couples of potential simplices for an intersection. For that purpose, a
method for overlapping detection of arbitrary simplices in R™is developed. A detailed
description of the pseudocode of the original algorithm is presented. The advantages of the
proposed method are demonstrated in the twelve-dimensional case.
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IIpexoaHu eieMeHTH B IPOU3BOJIHO EBKJINI0BO NPOCTPAHCTBO

MeToabpT Ha KpallHUTE €IEMEHTH CE€ OCHOBaBa Ha pa3jeisiHeTo Ha (u3uueckara oOiacT Ha
rojasiM Opoll MaJIkM TOJIMTONM ¢ mpocta reomeTrpus. OT reoMeTpuyHa IieHA TOYKA Haid-
U3MOJI3BAaHUTE KpalHW €JEeMEHTH MoraT Ja ObJaT pa3lielleHM Ha JBEe TOJIeMH TpYIH:
CHUMILTUIIMAIHY eJIEMEHTH U XUIEepKyOuyHu eneMeHTd. Ch3gaBaHeTo Ha XUOPUAHU KOH(POPMHH
TPUAHTYyJIAlMU HAa KPUBOJIMHEHHU OOJIACTH CBhC CIIOKHA T€OMETPHUSl M3MCKBA U3IMOJI3BAHETO Ha
pa3IMYHH BUI0BE MPEXOAHU €JIEMEHTH, KOUTO Cca CIIEU(pUYHHU 32 BCIKO KOHKPETHO EBKIMI0BO
IPOCTPAHCTBO. B crarusita e pelieH eAuH OT OCHOBHHUTE MPOOJIEeMH Ha METoAa Ha KpalHHUTe
€JIEMEHTH B MHOTOMEPHHM IpPOCTPAHCTBA - KOH(POPMHO CBBp3BAaHE Ha XWUIEPKYOHMUHU H
CUMIUIMLIMATIHU MpexH. Tyk ce Qokycupame BbpXy OunupamuganHute enemeHTH. Hsxou
CBOMCTBAa Ha TaKuMBa €JIEMEHTM ca pasliiefaHu 3a BCSIKO EBKIMIOBO NPOCTPAHCTBO C
pPa3MEpPHOCT, NO-TroJisiMa OT JBE.

Transitional elements in n-dimensional Euclidean space

The finite element method is based on the division of the physical domains into a large number
of small polytopes with simple geometry. Basically, the most useful finite elements can be
divided into two large groups: simplicial elements and hypercubic elements. To keep
conformity, triangulating of curved domains with complex geometry requires the usage of
various kinds of transitional elements, which are specific for any fixed Euclidean space. The
paper deals with a basic problem of the finite element method in the multidimensional spaces -
conforming coupling between hypercubic and simplicial meshes. Here we focus on the
bipyramidal elements. Some properties of such kind elements are discussed in an arbitrary
Euclidean space with a dimension greater than two.
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HNHTepnonanmoHHu KBaAPaTYPHU (GOpMYJIH BHPXY NPEXOAHH KPailHU eJ1eMeHTH

Wsrpaxnanero Ha XUNEpKyOWYHM JOMHHAHTHH MpPEXKH € €IUH CBBPEMEHEH IOAXO0J 3a
TPUAHTyJIMpaHe Ha MHOTOMEPHM KpUBOJMHEWHH obOsactu. KyOuuyHara nmupammjga vMa IIECT
KBaJpaTHU MUPAMUJATHU KJIETKM M €Ha KyOW4yHa KieTka. Ta3u mupamuja HAMa HUTO €THA
cUMIUIMIManHa KieTka. ClieoBaTeHO JUPEKTHO KOH(GOPMHO CBBbpP3BaHE MEXKIY KyOMUYHa
nUpaMyu/Ia U MEHTAToN € HeBb3MOXKHO. KOHPOpMHUTE XHUIIEPKYOHMYHH JOMHHAHTHH MPEXH Ce
HYX/a4T OT IPEeXOJHH eneMeHTH. KBanparHata nupamua e 1o0pe Mo3HaT Npexo/ieH eIeMEHT B
TpUMEpHUS Cilydail. B TpumepHus cilyd4ail HAMa HyKJa OT APYrM IpexoaHu eineMmeHtu. Ho
OpoST Ha NPEXOJHUTE EJIEMEHTH, KOUTO OCUTYpsBAT KOH(GOPMHO CBBP3BAHE MEXITY
XUIEPKYOMYHU €JEeMEHTH W CUMIUTMIMAIHU €JeMEHTH, 3aBHCH OT pa3MEpHOCTTa Ha
EBKIMI0BOTO MpOCTpaHCTBO. B deTmpuMepHHs ciiydaid MMa camMoO JiBa MPEXOJHH €JIEMEHTA.
CrpIiecTBYBaT pa3IMYHU KBaJIpaTypHU (OPMYIH BBPXY TEChpakTH M MeHtaTonu. Ho Hsama
KBaJpaTypHU (GOpMyJIM BbpXy OuIeHTaTon. Ta3u cTaTus € MOCBETEHA Ha MpaBHJIa 3a YHUCIEHO
UHTETPUPAHE BBPXY MNPEXOJHUTE eneMeHTU. IlomydyeHH ca HOBM HMHTEPIIOJIALMOHHU
KBaJpaTypHu (GOpMyIH BbpXy KyOumuHM nupamuau M Ounenratonu. HoBute kBagpaTypu
OCHUT'YpsIBaT KOHIIEHTpALMsl HA MATPUIIMTE Ha Maca Ha IPEXOHUTE EIIEMEHTH.

Interpolation Quadrature Formulae on Transitional Finite Elements

The constructing of hypercubic dominant meshes is a state-of-the-art approach to triangulate
curved multidimensional domains. The cubic pyramid has six square pyramidal facets and one
cubic facet, it has not any tetrahedral facet. Therefore, a direct conforming coupling between the
cubic pyramid and a pentatope is impossible. The conforming hypercubic dominant meshes
require transitional elements. The square pyramid is the well-known transitional element in the
three-dimensional case. In the three-dimensional case, there is no need for other transition
elements. But the number of transitional elements that assure a conforming coupling between
hypercubic elements and simplicial elements depends on the dimension of the Euclidean space.
There are two transitional elements in the four-dimensional case. On the other hand, there are
various quadrature formulae on tesseracts and pentatopes. But there are not quadrature formulae
on bipentatope. This paper is devoted on numerical integration rules on transitional elements.
New interpolating quadrature formulae on cubic pyramids and bipentatopes are obtained. The
new quadrature assures lumping of the element mass matrix.
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KBaapatypuu ¢popmyan BbpXy o6oratenu Jlarpans;xeBu eJleMeHTH

[IpocTpaHCTBEHO-BPEMEBHSAT MOIXO/ 32 pelllaBaHe HA MapadOIMYHU U XUIIEPOOINYHU 33aJaUu Ce
HYX/Jae OT HECTPYKTYpPHpaHH KpalHO-CJIEMEHTH MpPEKH B YETHUPHUMEPHO EBKINIOBO
npocTpaHcTBo. Hsakon nudepeHnamay ypaBHEHUS B YeTUPUMEPHOTO MPOCTPAHCTBO Ca MOJICNIN
Ha WH)KCHEPHU M Pu3udecku npodiemu. Kato mpoct npumep crioMeHaBamMe B3auMOJICHCTBHETO
HAa JIBE YaCTHIIH B KBaapaT. To3u mpoIiec ce onucBa Ype3 Y4eTUPUMEPHO CTAIMOHAPHO YPaBHEHHE
Ha IllpromuHrep BBPXY TechpakT. B Ta3um craTvsi € TOJMY4YeH HOB KpaeH €JIEMEHT, 4pes
oborarsiBaHe Ha CTaHAapTeH dYerupuMmepeH JlarpamkeB KpaeH eneMeHT ¢ 15 Bv3mm. 3a
Ch3/IaBaHETO HA HOBHUS €JIEMEHT CE€ M3MOJI3BAaT Ha0op oT ¢yHKumu kamOanu. HoBuUSAT kpacH
€JIEMEHT € MPWJIOKUM 32 TPUAHTYJIMpaHEe Ha KPUBOJUHEHHH 00jacTH. MeCTOIONIOKEHHETO Ha
BB3JIMTE BbPXY TPAHUIATA HA €JIEMEHTUTE OT MMOTPAHUYHUS CIIOH HE MOXKe Ja ObJie ciyvaitHo. 3a
Jda CC rapaHTHpaT ONTUMAJIHHU HHTCPIIOJIAIIMOHHU CBOIICTBA Ha HOBHSA €JIEMEHT € OIpeaciICHa
BpB3Ka MEXIY BB3IUTE B IIEHTPOBETE HA KJICTKHUTE, Bh3eja B IIEHThpPA HA €JIEMEHTA U BH3IIUTE
BBpXy rpanuiara. Pazpaborena e HoBa 21-ToukoBa WHTEPIIONANMOHHA KBajpaTrypHa (Gopmyna,
KOSITO B KOMOMHAIIMS C HOBHSI €JIEMEHT TMaroOHaJIM3upa MaTpHilaTa Ha Maca.

Quadrature formulae on enriched Lagrangian elements

The space-time finite element method for solving parabolic and hyperbolic problems needs
unstructured finite element meshes in the four-dimensional Euclidean space. Some differential
equations in the four-dimensional space are models of engineering and physical problems. As a
simple example, we mention the interaction of two particles in a square. This process has been
modeled by the four-dimensional stationary Schrodinger equation in a tesseract. The paper deals
with a new finite element obtained by enrichment of the 15-node standard four-dimensional
Lagrangian finite element. A set of bubble functions are used to create the new element. The
new finite element is applicable for triangulating curved domains. The elements from the
boundary layer need a specific location of the boundary nodes. A relation between the cell center
nodes, the element center node, and the boundary nodes that guarantees the optimal interpolation
properties is defined. A new 21-node interpolation quadrature formula that lumps the mass
matrix is developed.
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CKOpOCT Ha pasxoaAuMOCT Ha peIvIM OT NMpaMUAAaJIHA €JICMCHTH

Haii-panHuTre cratuy 3a IPWIOKEHUATA HA METOJA HA KpalHUTE €JIEMEHTU 3a pEllaBaHe Ha
mudepeHIMaTH YpaBHEHUS ca CBbP3aHU C €AHOMEpPHHU 3aJaud. B JIHEImHM AHU METOAbT Ha
KpalHUTE €JEMEHTH C€ Npuiara YCIEIIHO 3a pelllaBaHe Ha TpaHWYHHU 3a7aud U 3aJa4d 3a
COOCTBEHM CTOMHOCTH B MHOTOMEpPHHM EBKIMIOBM MpoCTpaHCcTBa. MUHHMMalHaTa MspKa Ha
M3pPOJIEHOCT Ha CUMIUIMIMAIHUTE €JIEMEHTH 3aBUCU OT pa3MEpPHOCTTAa Ha KpallHOMEPHOTO
MPOCTPAHCTBO. Ts KIOHM KBM O€3KpaliHOCT, KOraTro pa3MepHOCTTa Ha EBKIMIOBOTO
IIPOCTPAHCTBO pacTe HeorpaHudeHo. [InpamuaanHuTe KpallHU €J1€MEHTH ca CPAaBHUTEIHO HOBU
B CpaBHEHHE C KyOUYHUTE U CUMILIUIMAIHUTE eneMeHTH. OCHOBHATA POJIsl HA MUPAMUIUTE € J1a
OCHUTYPST KOH(DOPMHO CBBP3BAHE MEXIY CTPYKTYpUPAHHU U HECTPYKTYPUPAHU MPEXKH OT KpaiHH
enemMeHTH. Ta3u cTaTus € NOCBETEHAa Ha CKOPOCTTa Ha Pa3XOJAUMOCT Ha PEIUIM OT NUPaMUJAIHA
KpaiiHu eneMeHTHU. Jloka3aHM ca JIB€ TEOPEMHM 3a CKOPOCTTa Ha Pa3XOAMMOCT. 3a WIIHOCTPALUS
pe3yNTaTuTe OT TEOPEMHTE Ca MPEACTaBeHH rpauyHO.

The rate of divergence of sequences of pyramidal elements

The earliest papers on applications of the finite element method for solving differential equations
were related to one-dimensional problems. In the present day, the finite element method has
been successfully applied for solving boundary and eigenvalue problems in higher-dimensional
Euclidean spaces. The minimal measure of the degeneracy of the simplicial elements depends on
the dimension of the finite dimensional space. It tends to infinity when the dimension of the
Euclidean space grows up unbounded. The pyramidal elements are relatively new compared to
hexahedral and simplicial elements. The major role of the pyramids is to assure conforming
coupling between structured and unstructured finite element meshes. This paper deals with the
rate of divergence of the sequence of pyramidal finite elements. Detailed proofs of two
divergence theorems are obtained. For illustrations, the results of the theorems are presented
graphically.
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MHorompe:xoB MeTO/ 32 peliaBaHe HA TejJerpaHo ypaBHeHHe

JluneitHo TenerpadHO ypaBHEHHE C MEPUOJUYHHM TPAHUYHU YCIOBUS € M30paHO 3a MOJIEJICH
npobieM B Ta3W cratusi. MojenHara 3agada ce M3I0JI3Ba, 3a Jla Ce MIIOCTPUpAa HOB METOJ Ha
KpallHUTE €JIEMEHTH 3a pellaBaHe Ha XUMEepOOJMYHU TpaHWYHH 3amadd. o TO3M MOMEHT
pa3IMYHM YYCHU ca MPEJCTaBSIIN 110 pa3MueH HaYMH TeerpadHOTO ypaBHEHHE B citada popma.
B Ta3u cratus e HamepeHa opuruHaigHa ciiaba ¢opMa Ha pasrieKIaHaTa TPaHWYHA 3a/ada.
[IpencraBen e moapoOEH MHOTOMPEKOB aNTOPUTHM 3a pellaBaHe Ha TellerpagHO YpaBHEHUE B
cmaba ¢dopma. JleMOHCTpUpaHM ca YHCIEHU CHUMYJAllMW, BKJIIOYHUTETHO W3TJaXIaHe Ha
byHKIMATAa Tpemika, KakTo W Tpaduku Ha TpuOMmwKeHn pemeHus. [Ipubmusurenna
ACUMITOTHYHA CKOPOCT HA CXOJUMOCT € M3YHMCIICHA upe3 IMpHIaraHe Ha TPHU MOCIEAOBATEITHH
TPUAHTYJIAIMY U KYOUYHH MPOOHU (QYHKITHH.

A multigrid method for solving the telegraph equation

A linear telegraph equation with periodic boundary conditions is chosen for a model problem in
this paper. The model problem is used in order to be illustrated a new finite element method for
solving hyperbolic boundary value problems. There are various weak forms of the telegraph
equation that have been in use up to now. An original weak problem related to the problem of
interest is obtained. A detailed multigrid algorithm describing the essence of the considered
method is developed. Numerical simulations including smoothing of an error function and a
graph of an approximate solution are demonstrated. An approximate asymptotic rate of
convergence is calculated by applying three successive triangulations and cubic trial functions.




AS55. M. S. Petrov, T. D. Todorov, Properties of the Multidimensional Finite Elements,
Applied Mathematics and Computation, vol. 391, 2021, 125695. ISSN 0096-3003
IF 3.472 Quartile 1, Scopus, Publisher Elsevier

CBoiicTBa HA MHOTOMEPHHM CUMILUIMIHATHU KPalHM eJIeMeHTH

Ta3u cratust onucBa CBOICTBaTa Ha HAKOM MHOTOMEPHU CHUMIUIMIMAIHU KpalHU €JIEMEHTH II0
OTHOIIICHHE HAa TEXHUTE NPUJIOKEHHS 3a pelIaBaHe HAa MHOTOMEPHU I'DAaHUYHM 337a4U U 3a1a4U 32
cobctBeHn croiHocTH. [lomydeHum ca HOBM KJacoBe Ha I0J00ME€, KOUTO CE€ CPaBHABAT ChC
CUMIUIMIIMAJIHATE KJIACOBE MOPOAECHU OT eneMeHTuTe Ha PpoiineHTtan. B Tasm cratus e
YCTaHOBEHO, Y€ MspKaTa Ha M3POJCHOCT 32 BCEKM CUMIUIMIIMAJICH KJIAac KJIOHH KbM Oe3KpaiHOCT,
KOrato pasMepHocTTa Ha EBKIMIOBUTE NpPOCTpaHCTBA pacTe  HEOTpPaHMYEHO. EcTecTBeHO
BB3HMKBA BBIIPOCHT: KakBa € CKOPOCTTa Ha pa3XOAMMOCT 3a PEAULUTE OT paslJIeKIaHUTE
CUMIUIMLIMATIHY €JIeMeHTH? 3a Ja AafeM OTrOBOpP Ha TO3U BBIIPOC, H3UHCIIBAME TOYHATA CKOPOCT
Ha pa3XxOJUMOCT 32 BCUUYKH Pa3IJIeKIaHU PEIULU OT CUMIUIMIMAIHU eleMeHTH. [loka3zaHu ca
AQHAJINTUYHYU BPB3KH MEXKIy HM3CIEIBAHUTE CUMIUIMIMAIHU Kiacose. [IpencraBeHn ca pasinndHu
IpUMEpHU B MOJKpena Ha TEOpeTUYHHUTE pe3ynTatu. KoCMHychT Ha aOCTPaKTHUS BI'BI MEXIY
MHOTOMEPHUTE KPalHOEIEMEHTHH IPOCTPAHCTBA XapaKTEpU3HMpa CKOPOCTTa Ha CXOAMMOCT Ha
MHOTOMPEXOBUTE METOIU. UMCIOTO HAa CBUBAEMOCT € U3YHMCIEHO B U30TPOIMHUS U aHU3OTPOITHHUS
ciydan. Mmoctpupana € 3aBUCHMMOCTTa Ha KOHCTAHTaTa B YCHJICHOTO HEpaBeHCTBO Ha Komm-
Bynskxoscku-1lIBapy oT ¢opmara Ha u3non3BaHuTe eneMeHTU. [IOoTBBbpAEHAa € Xumore3aTa Ha
Bbpannc u ap. [10] oTHOCHO YMCIOTO Ha CBHBAaEMOCT 3a orepaTtopa Ha Jlammac u paduHUpaHu
TPUAHTYJIALUU OT eleMeHTH Ha DpolIeHTan ype3 YepBEH OlepaTop 3a pasfcisHe. JJonbIHUTEIHO
ca (opMylupaHH HOBHM XMIIOT€3M OTHOCHO HWHBAapUAHTHOCTTa Ha M30paHU CUMILIMLMAIHU
eseMeHTU. HamepeHu ca MHOrOMEpHM MHBAapHMaHTHHU CHUMIUIEKCH 10 OTHOLIEHHE HA YEPBEHUTE U
CHUHMTE CTPATETUH 3a CT'bCTIBAHE.

Properties of the multidimensional finite elements

The paper describes properties of some multidimensional simplicial finite elements with respect
to their applications for solving multidimensional boundary and eigenvalue problems. New
classes of similarity are obtained and compared with Freudenthal's simplicial class. The
degeneracy measure of each simplicial class grows up to infinity when the dimensions of the
Euclidean spaces increase unboundedly. Naturally, the question arises: how fast degenerate the
elements from each simplicial class? To give an answer to this question we calculate the exact
rate of divergence for all considered sequences of simplicial classes. Analytic relations between
the investigated simplicial classes are proved. Examples supporting the theoretical results are
presented. The cosine of the abstract angle between multidimensional finite element spaces is
calculated in the isotropic and anisotropic cases. The dependence of the Cauchy-Bunyakovsky-
Schwarz (CBS) constant on the shape of the used elements is illustrated. We confirm the Brandts
et al. [10] conjecture concerning the contraction number for the Laplace operator and red refined
Freudenthal's simplicial elements. Additionally, we formulate new conjectures concerning the
invariance of simplicial elements. We found multidimensional simplices invariant regarding the
red and blue refinement strategies.
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Metoam 3a croCcTIBaHE

MaremaTtiueckiuTe MOJENM Ha Ppa3WYHd HWHKCHEPHHW 3aJaddl TPEJCTABISIBAT CIUNTHYHU
rpaHUYHU 3a1aud. HAKOM MpHIIOKHY 33aJauu M3MCKBAT pu3nveckara obaact na Objae paszencHa
Ha JIBE€ WJIM TIOBEYE OTMAENHHU IMON00IacTH, KOUTO C€ TPHAaHTynupar HezaBucumo. OT apyra
CTpaHa, CMECEHH MPEXH OT KpallHH €JIEMEHTH HaMUpPAT MPHJIOKEHHE 32 pelllaBaHe Ha YaCTHH
nudepeHIMaTHn ypaBHEHUS! B KPUBOJIMHEHHN oOnacTu. B TO3m citydail BBB BBTPENIHOCTTAa HA
o0J1acTTa ce M3MOoNI3BaT KyOMYHH KpalHU €JIEeMEHTH, a B OJIM30CT 10 TpaHUIaTa ce pasmojaratr
TeTpaeabpHA KpailHu eneMeHTH. OCBEH TOBa CMECEHH MPEXH C TPEXOJHHM EJIEMEHTH Cca
HEO0XO/IMMHU 3a /i-p BepcUsATa Ha METO/Ia Ha KpallHUTE eIEMEHTH. XUOPHIHUTE MPEXHU ca 00CKT
Ha TOJIIM HHTEpEC Ipe3 MocieAHuTe aeceTwieTns. ChIIeCTByBaT JBE OCHOBHHM HM3HMCKBAaHMUS,
KOUTO TpsiOBa a ObIAT yJOBIETBOPEHHU, Ch3JaBAWKH XUOPUIHU MPEXU OT KpailHU eNeMEHTH.
[TepBOTO €: Is1aTa TPHAHTYIANMS HAa HHTepecyBamara Hu oonact 0b1e koHpopmua. OT apyra
CTpaHa, c€ HYXXJaeM OT yCTOMYMBA CTpATETUs 3a CI'bCTSABAHE, KOSTO MOpakJa BH3MOXHO Haii-
MaTbK Opoil KiacoBe Ha mopo0Oue, MHUHHMAalHa MspKa Ha W3POAEHOCT M HPOCTO IBPBO HA
crecraBane. OOMKHOBEHO NMHUPAMHUJATHUTE €IEMEHTH C€ HM3MOJ3BAT 32 MPEXOJHU EIEMEHTH B
uHTepdeiicaara mogodaact. Pazoupa ce B m30paHu 4YaCTHU CIydyad XOMOTE€HHH TPUAHTYJIAIUUA OT
NUPaMUJATIHA €JIeMEHTH, MOTaT YCHEIIHO Ja ObJaT MPUJIOKEHH 33 pelllaBaHe Ha EJIUNTHYHU
mudepeHIMaTHN  ypaBHEHUS. Ta3W cTaTHs € NOCBeTeHa Ha METOAM 3a CrbCTSABaHE Ha
NUPaMUJATHA MpeXU. TecTBaHM ca pa3iIMyYHU MHPAMHJIAIHU €JIEMEHTH U ca JEeMOHCTPUpPAHU
CTydau Ha HECTAOMITHOCT.

Refinement strategies

Various elliptic boundary value problems have been used for mathematical models
of many engineering problems. Some applied problems require the domain of
interest to be divided into two or more separate subdomains, which are triangulated
independently. On the other hand, mixed finite element meshes have been used to
solve partial differential equations in curved domains. In this case, hexahedral finite
elements have been used in the interior of the domain and curved tetrahedral
elements have been located in the boundary layer. Additionally, mixed meshes with
transitional elements are necessary for the /-p version of the finite element method.
Therefore, hybrid meshes have been objects of great interest in the last decades.
There are two major requirements that we have to satisfy creating hybrid finite
element meshes. The first one is the whole triangulation of the domain of interest to
be conforming. On the other hand, we need a stable refinement strategy with as
small as a possible number of congruence classes, the lowest measure of
degeneracy, and a simple refinement tree. Usually, the pyramidal elements have
been used for transitional elements in the interface subdomains. But the
homogenous triangulations based on pyramidal elements can be successfully
applied for solving elliptic partial differential equations. This paper is devoted to
refinement strategies for pyramidal meshes. Several pyramidal elements are tested
and a case of instability is demonstrated.




A53. M. S. Petrov, T. D. Todorov, The Abstract Angle between Pyramidal Finite
Element Spaces, In Proceedings vol. II, International Scientific Conference, Unitex, 2020,
pp. 270-274. ISSN 1313-230X

CKOpOCT Ha CXOAMMOCT IIPH MHOI'OMPEKOBUTE METOAU

MHOroMpexoBUAT METOJ Ha KPaWHUTE €JIEMEHTU € €IMH OT Hal-MOILIHUTE MHCTPYMEHTH 3a
pellaBaHe Ha pa3IMYHM HWH)KCHEPHM 3aJa4d, MOJACIUPAHM 4YpE3 EIUNTHYHU YacTHH
muQepeHIMaTIHd ypaBHEHUs. XEeKCIOMUHAHTHUTE XUOPUIHE MPEXKH C€ HYXIASAT OT MPEXOIHH
eleMeHTH B uHTepdelicHaTa Moa00acT, KOUTO OCHUTYpSIBAT BPbB3Ka MEXKIY IMOI00JacTH
TPUAHTYJIMPAHU C KyOMYHU €JIeMEHTH U MOJ00JaCTH TPUAHTYJIHMPAHU C TETPACAbpPHHU KpaHU
esleMeHTH. KBagpaTHHTE NMUpaMuay ca HaW-MOAXOASINMATE IPEXOIHU elleMeHTH. UucioTo Ha
CBMBAaEMOCT IIpM pEIIABaHE HAa KpailHOEJIEMEHTHAa CUCTEMa JIMHEHHU YpaBHEHUS C
npeoOyciaBsiHe 4Ype3 3ajluyaBaHE 3aBHCH OT Y-KOHCTAHTaTa B YCHJIEHOTO HEpPaBEHCTBO Ha
Komm-bynsakoscku-11IBapu. Ta3zu cratus € NmOCBETEHa Ha METOIM 3a CrbcTsABaHe Ha 3D
MUPaMUAATHA MPEXH OT KpailHU eJEeMEHTH U NMPEeCMATaHEe Ha KOCHHYCa Ha aOCTPaKTHHS BI'bI
MEX1y KpallHOEIEMEHTHUTE MUPaMUJAJIHU IPOCTPAHCTBA.

The rate of convergence in multilevel methods

The finite element multigrid method is the most powerful tool for solving various engineering
problems modeled by elliptic partial differential equations. The hex-dominant hybrid meshes
need transitional elements in the interface subdomain between hexahedral triangulated and
simplicial triangulated subdomains. The square pyramids are the most suitable transitional
elements. The convergence factor in solving a system of finite element equations by a diagonal
block preconditioning depends on the y-constant in the strengthened Cauchy-Bunyakovsky-
Schwarz inequality. This paper is devoted to refinement strategies for 3D pyramidal finite
element meshes and computations of the cosine of the abstract angle between pyramidal finite
element spaces.
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AS52. V. Palade, M. S. Petrov, T. D. Todorov, Neural Network Approach for Solving a
Nonlocal Boundary Value Problem, Neural Comput & Applic, vol. 32,2020, pp. 14153—
14171. ISSN 0941-0643

IF 4.774 Quartile 1, Scopus, Publisher Springer

HeJmHeHN HeJIOKAJIHU TPAHUYHH 32/1a4H

Ta3u cratus pasriexaa MPUIOKEHHE HA paJnaliHo 0a3ucHAa HEBPOHHA MpEXka 3a pellaBaHe Ha
HEJIMHEHHO eJIUNTUYHO YaCTHO AH(EpeHIINaTHO YPaBHEHNUE OT BTOPU PeJl C TPaHUYHHU YCIIOBHS
Ha Jupuxine. Hanuumero Ha HeloKalleH MHOXHUTENI B CHiIHaTa (OpMYJIMpPOBKA Ha 3ajadaTa
M3HCKBA KOPEHHO Pa3IMueH MOIXOJ OT JOCera M3BECTHUTE METOM 3a PEelllaBaHe HA TPAaHUYHH
3a/la4uM Ype3 U3IMO0JI3BaHe Ha HEBPOHHU Mpeku. B ToBa m3ciensane cnabara ¢popMyIupoBKa Ha
HEJIOKAJTHATA 3a/la4ya € CBelleHa 10 MUHUMH3UpaHe Ha HelnHeeH (QyHKIHoHaI. Pa3paboreHa e
IpoLEeaypa 3a YUCICHO UHTETPHPAHE, Ype3 KOATO ce MpecMaATa L2-cKanapHOTO NpOH3BEICHHE.
3a pasnuka OT M3BECTHH JIOCETa HAayYyHU TPYAOBE, TYK M3MOJI3BaMe IIeJIeBH (YHKIIMOHAT B
uHTerpasiHa gopma 3a o0ydeHHe Ha HEBpPOHHAaTa Mpexa. lIpencraBeHara pamguamHo Oa3ucHa
HEBPOHHAa MpeKa H3MOJ3Ba 3a IIEHTPOBE PABHOMEPHO pasmpeselieHd BB3NMU. Ternara Ha
HEBPOHHATa MpEXa Ce OMPEILIAT Ype3 JABYTOYKOB I'PaHEHTEH MeTol. [IpencTaBeHusT MeTox
3a pellaBaHe Ha YacTHU JU(EpeHINaTHI YpaBHEHUs Ype3 HEBPOHHU MPEXHU € ajTepHaTHBA Ha
METO/a Ha KpallHUTE eJIEMEHTH 3a pelllaBaHe Ha HEJOKAIHU 33/1a4d B HEJMITIIMIIOBU 00IAaCTH.
HoBa crpaterus ¢ mpomMeHIHMBa CKOPOCT Ha oOyueHHe € pa3paboTeHa W BHEIPEHa, 3a Ja ce
n30erHe pa3XxoJUMOCT B Tpolieca Ha OOy4YeHHWEe Ha HEeBpOHHATa Mpexa. CpaBHEHHETO MEXITY
NpEAJIOKCHUSA MOAX0A C paJuaiHO 63.31/ICHI/I HCBPOHHU MPCKHU U MCTOAA Ha KpaﬁHHTe CIICMCHTU
€ WIIOCTPUPAHO C KOHKPETHH MPUMEpPH, KBJAETO € JEMOHCTpUpaHa e(pEeKTHBHOCTTA Ha JBaTa
METO/1a.

Nonlinear nonlocal boundary-value problems

This paper proposes a radial basis function (RBF) network-based method for solving a nonlinear
second-order elliptic equation with Dirichlet boundary conditions. The nonlocal term involved in
the differential equation needs a completely different approach from the up-to-now-known
methods for solving boundary value problems by using neural networks. A numerical integration
procedure is developed for computing the local L?-inner product. It is known that the non-
variational methods are not effective in solving nonlocal problems. In this paper, the weak
formulation of the nonlocal problem is reduced to the minimization of a nonlinear functional.
Unlike many previous works, we use an integral objective functional for implementing the
learning procedure. Well-distributed nodes are used as the centers of the RBF neural network.
The weights of the RBF network are determined by a two-point step size gradient method. The
neural network method proposed in this paper is an alternative to the finite-element method
(FEM) for solving nonlocal boundary value problems in non-Lipschitz domains. A new variable
learning rate strategy has been developed and implemented in order to avoid the divergence of
the training process. A comparison between the proposed neural network approach and the FEM
is illustrated by challenging examples, and the performance of both methods is thoroughly
analyzed.
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A51. M. S. Petrov, T. D. Todorov, A Penteract Partition by means of the Optimal
Subdivision of Cells, Scientific Publications of the State University of Novi Pazar, ser. A:
Appl. Math. Inform. and Mech. vol. 11, issue 1, 2019, pp. 41-46. ISSN 2217-5539

Teopus Ha MpexkuTe

AnropureMbT Ha @poligeHTal, MOJydeH B HadanoTo Ha 40-Te roAWHH, TPaJAMLHOHHO Ce
U3II0JI3Ba 3@ IIOJy4yaBaHE Ha CHUMIUIMLMAIHU TpPUAHTyJauu Ha Xunepky0. OCHOBHOTO
NPEeJUMCTBO Ha TO3M ITOPUTBM €, Y€ TOHl TeHepupa camMoO eIuH Kiac Ha mopobue. 3a
CB)KaJICHUE AJITrOpUTbMBT Ha DpOHAEHTan HE € ONTHMAJCH IO OTHOIIEHWE HAa MsIpKaTa Ha
U3POJICHOCT. MHOTOMPEXOBUTE METOIM M3UCKBAT MspKaTa Ha U3POJCHOCT A2 ObJe BH3MOKHO
Haii-Manka. Pa3genstHeTo Ha KyOa Ha MeT TeTpaeabpa B TPUMEPHHUS CIIydail U KaHOHUYHOTO
pasfesgHe Ha TEChPAKT B YETUPUMEPHUS CIydyail ca ONTUMAJIHU IO OTHOIIEHUE HA MspKaTa 3a
U3PONECHOCT M MHOTOMPEKOBUTE MPWIOKEHHA. BBIOpochkT 3a onTumanHa crpaTerus 3a
CT'BCTSBAHE B MHOTOMEpPHHU IPOCTPAHCTBA € BCE OIlE €AMH OTBOpEeH mpolieM. Ta3u crarus e
IIOCBETEHAa Ha Pa3JieNsiHE Ha MEHTBPAKT C MsIpKa Ha M3POAECHOCT, MHOIO IO-7100pa OT Ta3W,
IIOJIy4YeHa 4pe3 alropurbMa Ha PpoigeHTal.

Theory of meshes

Freudenthal's algorithm obtained way back in the early forties has been traditionally used for
simplicial triangulating of the hypercube. The main advantage of this algorithm is that it only
generates one congruence class. Unfortunately, Freudenthal’s algorithm is not optimal with
respect to the measure of degeneracy. The multigrid methods require the degeneracy measure to
be as small as possible. The minimal subdivision in the 3-dimensional case and the uniform
tesseract corner subdivision in the 4-dimensional case are optimal in regards to the measure of
degeneracy and multigrid applications. The question about the optimal refinement strategy in
more dimensional cases is still an open problem. This paper deals with a penteract subdivision
with a degeneracy measure much better than one obtained by the Freudenthal algorithm.
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A50. M. S. Petrov, T. D. Todorov, Refinement Strategies Related to Cubic Tetrahedral
Meshes, Applied Numerical Mathematics, 137, 2019, pp. 169-183. ISSN 0168-9274
IF 1.979 Quartile 1, Scopus, Publisher Elsevier

MeTtoau 3a croCcTABaHe

Ta3u craTusi € MOCBETEHAa HAa TEXHMKU 3a CIrbCTABaHE, MOAXOMSIIM 32 IMpuUjiaraHe B
MHOTOMPEXOBH METOAM Ha KpaHUTE €JIeMEHTH C KyOuyHU npoObHM QyHKuuH. MeToabT 3a
crecTsiBane Ha EnencOpynep m ['pelickH mocera He € M3cleABaH OT M3YUCIMTENHA TIIeTHA
touka. To3u meron e HapeueH ThMHOYepBeH (TUMC) mo aHanorus ¢ 4epBEHUST METO 3a
CT'bCTSIBAaHE B KBAJIPATHHsI CIIy4aid, KbJIETO BCEKH pHO ce Jenu Ha ABe paBHH 4acTu. llenTa Ha
HacTosIIaTa CTaThsl € 1a npeacTaBu noapooeH ananus Ha TUMC. 3aBucumoctra Ha TUYMC ot
HOMEpPUPAHETO Ha BBHPXOBUTE BB3IM HM3UCKBA pPa3pabOTBaHE Ha TOAPOOCH aIrOPUTHM.
@poiIeHTAaIOBOTO pa3lieisiHe Ha Kyba € IIMPOKO H3MOJ3BAaHO OT U3CJIeNOoBaTelITe 3a
MoJlydyaBaHe Ha HepapXW4yHU TeTpacabpHHU TPUAHTYJAWU. B KyOWUHUs CiIydail pa3aensiHeTo
Ha MBbPBUS TETPacabp HA 30MBPBHII € OT TOJISIMO MpakTUyecko 3HadyeHue. Twri kato TUMC
TreHepupa caMoO €IuH KjJac Ha mojao0ue Tpu ompeAelieHa HOMEpalus Ha BB3IUTE, HUE
pa3paboTuxme NoapoOeH aIropuThbM KOHTO TapaHTHpa, Y€ BCUUYKU HACJIEIHULIN ca OT €IUH U
chiM kjac. CuTyauusita € MHOTO MO-CJIOXKHA, MPU pa3jiefisHe Ha MPOU3BOJIEH TETpaeabp.
HeoOxomum e ronsM o0GeM H3UMCIEHMs, 32 Jla C€ YCTAaHOBM NPAaBHJIHO HOMEpUpPAHE Ha
BHPXOBUTE BB3JIH. AKO Hal-I00pOTO HOMEpUpAHE Ha BB3JIUTE HE € HM30paHO 3a BCHUYKHU
€JIEMEHTU Ha BCUYKHM HMBA, MSpKaTa HAa U3POJCHOCT KJIOHU KbM O€3KpaiHOCT, KOraTo OposT
HA HUBAaTa HApacTBa HEOTPAaHWYECHO. 3a Ja ce M30erHar BCUYKHU TE€3HW TPYJHOCTU € TOJTydeHa
HoBa kaHoHHM4YHA ctparterus 3a crecrsaBade (KCC). KCC e mo-mobpa oT anropurbma Ha
EnencOpynep u ['peiickH MO OTHOILIEHHE HA MsApKaTa Ha W3pOoAeHOCT. Ta3u crparerus 3a
CI'bCTSIBAHE F€HEPHPA CaMO NMPABWIIHUA TETPACAPH U IPABOBI'BIHN CUMIUIEKCH Ha BCUYKU HUBA
U 32 BCUYKH CMECeHH o0nacTu. Te3u J1Ba TeTpaenpu ca Hail-yZJOoOHU OT M34YHUCIUTENHA TJIeTHA
touka. OcBeH ToBa 3a Bcuuku cMmeceHn obnactu KCC chiiecTBeHO HamamsiBa Opos Ha
KJlacoBeTe Ha mojoOue. HoBara cTparerusi 3a CrbCTSBaHE HE Ce HYXKJae OT aITOPUTHM 3a
MPaBWJIHO HOMEpUpaHe Ha BbpXoBUTE BB3IU. TUMC renepupa TBBpPIE CIOXKHO IbPBO Ha
CI'bCTSIBAHE W TIO-BHCOKa MSpKa HAa HM3POJCHOCT B KOMOWHAIMS C JHUIICBO LEHTPHPAHOTO
pasnensiHe Ha kyOa. Ctparerusita 3a CrbCTsiBaHE Z, MOJydeHa OT aBTOPUTE, MPEBbH3XO0XKIa
TUMC mo orHomieHue Ha Oposi Ha KiIacoBe Ha mogoOuMe W MsIpKata Ha H3POACHOCT.
Pasrnenanu ca nuHEHN TpaHUYHHU 337a4d BbpPXY MpoMeHsuM ce obnactu. [Ipeaumcrsara Ha
KCC ca nemoHcTpupaHu 4pe3 peliaBaHe Ha aHM30TponHa au¢y3Ha 3a/jaya B CBUBAIlA Ce
obnact. KauecTBOTO Ha NMCKpeTH3allus € WIIOCTPUPAHO 4Ype3 Ipellkara MpU OTpsi3BaHE B
npUOIKEHUTE PEIISHHUS TI0 METO/1a Ha KPAaHUTE €IeMEHTH. 32 1[eITa ca U3MOI3BaH! PEeIUIU
OT MOCIEA0BATEIHA TPUAHTYJIAUH.
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Refinement Strategies

The paper deals with refinement techniques suitable for the application of finite element
multigrid methods with cubic trial functions. The 27-refinement strategy by Edelsbrunner and
Grayson has not been studied from a computational point of view up to now. This refinement
strategy is said to be the dark red refinement strategy (DRRS) by analogy with the red
refinement strategy in the quadratic case. A detailed analysis of DRRS is the aim of this paper.
The dependence of the DRRS on the numbering of vertex nodes requires an algorithm
development. Freudenthal partition of the cube has been widely used by researchers for
obtaining hierarchical tetrahedral triangulations. In the cubic case, the refinement of the first
Sommerville tetrahedron is of considerable practical importance. Since the DRRS generates one
class of similarity only with a particular numbering of nodes, we have developed a detailed
algorithm for proper implementation of this numbering. The situation is much more complicated
when an arbitrary tetrahedron is refined. A large volume of computations is necessary in order to
be established a correct numbering of the vertex nodes. If the best numbering of nodes is not
chosen for all elements in all levels, the measure of degeneracy tends to infinity when the
number of levels grows up unlimited. To avoid these difficulties a new canonical refinement
strategy (CRS) is obtained. The CRS is superior compared to the 27-partition technique with
respect to the degeneracy measure. It generates only regular tetrahedra and canonical simplices
in all levels and for all mixed domains. These two tetrahedra are the most convenient from a
computational point of view. Moreover, for all mixed domains the CRS essentially reduces the
number of congruence classes. The new refinement strategy does not need an algorithm for the
correct numbering of the vertex nodes. The DRRS generates a very complicated refinement tree
and a higher measure of degeneracy in combination with the face-centered partition of the cube.
On the contrary, the Z refinement strategy obtained by the authors is superior to the DRRS in
regard to the number of congruence classes and the measure of degeneracy. Some results on
boundary value problems in changing domains are discussed. The advantages of the CRS are
demonstrated by solving an anisotropic diffusion problem in a shrinking domain. The behavior
of discretization and truncation errors in approximate finite element solutions is illustrated by
varying sequences of finite element triangulations.
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A49. M. S. Petrov, T. D. Todorov, Successive Partitions of Ideal 4D-Domains,
Comptes rendus de 1'Academie bulgare des Sciences, Tome 71, No 12, 2018, 1593-1602.
ISSN 1310-1331

IF 0.321 Quartile 4, Scopus

MeToau 3a crbCcTABaHe

Ta3u cratus u3cinenBa CTpAaTEruu 3a CI'bCTABAHE B YETMPUMEPHOTO E€BKJIMJIOBO IPOCTPAHCTBO.
CaoiicTBaTa Ha METOAMTE 3a Pa3JIesiHE Ha MOJIUTOIHN C MPOCTAa TEOMETPUS BIUSIAT NPSIKO BHPXY
KayecTBOTO Ha MPUOJMKEHUTE PELICHHUs, CKOPOCTTa Ha CXOJUMOCT Ha KpalHOEIEMEHTHUTE
NpUOMHKEHUATA U LSTIOCTHATA Heo0X0[uMa U3YUCIIuTeNHa paboTta. Pesynrarurte B Ta3u cratus
ca OrpaHHYEHH A0 KPUBOJMHEWHa obOmact ) ¢ HempekbcHara mo Jlummui rpaHuna. BbB
BBLTPEIIHOCTTA Ha Q e oTaeeHa uaeanna oomact (. ITogo6aacrra () e TpUAHTyIHpaHa CaMo C
MIPABOJIMHENHU €JIEMEHTH, KOUTO €A YacT OT BBTPEIIHHUA CIOM HAa HadaJlHA M30IapamMeTpUyHa
KpalHOEJIEMEHTHA TPUAHTYJIALMS To. BCHUKM KPUBOJIMHEHHU EJIEMEHTH Ca PA3IOJIOKEHU B
norpanuunEMs  ciodf, BkmodeH B O\ (. EneMenTHTe BBB  BBTPENIHOCTTa  HA
M30MapaMeTpUYHNUTE TPUAHTYJIAlMU TPSOBa Ja ObJAT pa3zesieH! MOCIeI0BATETHO C Bb3MOXKHO
Hail-MarbK Opoii Ki1acoBe Ha Mojo0Me U MUHMMAaJIHA MspKa 3a U3POACHOCT. 3a MojyyaBaHe Ha
HAabOp OT cCTpaTerud 3a pas3JelisHe Ha 4YeTUPUMEpPHH UJIealHd O0JacTh € U3MOJd3BaH
IMCUTIATHBEH anropuThM. YepBeHarta crpaterus 3a crbcrsiBade (UCC) e mumpoko M3Moia3BaHa
OT pasJIMYHU HM3CIE0BATeIM B JIBY- M TpuMepHU obnactu. CpoiictBata Ha YCC 3aBUCAT OT
pa3MepHocTTa Ha EBKIMAOBOTO MpOCTPaHCTBO, KbIAETO T4 ce npuiara. B tasu cratusa UCC e
CpaBHEHA C IPYyTd METOAM 3a pa3zeiisHe Ha uaeanHu odmactu. Jlokazano e, ue YCC renepupa
caMo YeTHpH Ki1aca Ha moJo0ue Ha BCHUKM HUBA U 32 BCUUKH uzeanHu obnactu. [Ipeacraseno e
IBpBOTO Ha crbeTsiBane 3a YCC.

Refinement Strategies

The paper deals with a refinement technique in the four-dimensional Euclidean space. The
properties of the partition methods affect directly the quality of the approximate solutions, rate of
convergence of the finite element approximations, and the overall necessary computational
work. The results in this paper are restricted to a curved domain () with a Lipschitz continuous
boundary. An ideal domain Q is separated in the interior of Q. The subdomain Q contains all
straight elements from the internal layer of an initial isoparametric finite element triangulation
To. All curved elements are only located in the boundary layer included in Q \ . The elements
from the internal layer of the isoparametric finite element triangulations should be subdivided
consistently with as few as a possible number of congruence classes and minimal measure of
degeneracy. A dissipative algorithm is used for obtaining a set of refinement strategies for
dividing four-dimensional ideal domains. The red refinement strategy (RRS) is widely used by
researchers in two- and three-dimensional domains. The properties of the RRS depend on the
dimensions of the Euclidean space where the RRS is applied. The RRS is compared with other
partition methods for dividing ideal domains. It is proved that the RRS generates only four
classes of similarity in all levels and for all ideal domains. The refinement tree of the RRS is
presented.
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Henoxkannu IPaHUYHH 3aJaYU

Enmuntuyna 3agada oT BTOpU pel ¢ HEJOKAIHU TPAaHUYHU YCJIOBHUS € OOCKT Ha W3CIICABAaHE B
tazu crarud. JudepeHImarHOTO ypaBHEHHE B CHIIHATa (popMa € peaylnupaHo 10 3ajaada 3a
Oe3ycioBHa MMHUMU3aIUA. JlokazaHM ca JOCTaThYHM YCIOBHS 3a CBIIECTBYBaHE U
€IMHCTBEHOCT Ha ci1aboTo pemienue. [lomyyeHn ca anmproOpHHU OLIEHKH 3a c1ab0To pelieHue.

Nonlocal boundary value problems

A second-order elliptic problem with nonlocal boundary conditions is the object of interest in
this paper. The strong problem is reduced into an unconstrained minimization one. Sufficient
conditions for the existence and uniqueness of the weak solution are proved. A priory estimates
for the weak solution are obtained.
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Crtparerun 3a crbCTsiBaHe

HaCTOHH_IaTa CTaTHs € IOCBCTCHA HA pa3ACIAHC Ha 4D nonuTonu. Honyqu € HOB JUCHIIATHUBCH
QITOPHUTHM 3a TpUaHTyaupaHe Ha 4D exHocBbp3aHu 00jacTH. HOBUAT aNropuThM € YCHEIIHO
MPUJIOKEH 3a paslielisiHe Ha TeCchbpakT W mpaBobrbieH 4D cummiekc. Ilomydena e HoBa
ctpateruss L 3a HepapxuyHO pasleisHe Ha mnonuTonu. HoBara TexHMKa 3a Cr'bCTSIBaHE
réeaepupa CAUHCTBCH KJIaC Ha noz[06ne Ha BCUYKHU HMBA U 3a BCUYKU KBA3UKAHOHUYHU O6HaCTI/I.
MeTtoabT 3a creeTsiBaHe L € mo-100bp OT BCHUYKH U3BECTHH 10 MOMEHTA METOH 10 OTHOIICHHE
Ha MspKaTa Ha U3POJEHOCT.

Refinement strategies

The present paper is devoted to 4D polytope subdivisions. A new dissipation algorithm for
triangulating 4D simply connected domains has been developed. The new algorithm has been
successfully applied for subdividing the tesseract and the 4D cube corner. A new refinement
strategy L for hierarchical refinement of polytopes has been created. The new refinement
technique generates one and only one class in all levels and for all quasi canonical domains.
Additionally, a comparison with all known methods indicates that £ is superior with respect to
the measure of degeneracy.
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HesnHeliHM HeJIOKAJIHM TPAHUYHU 321244

OOeKT Ha U3ClIeIBaHE B Ta3u CTATHUs € HEIMHEHHA HeJIoKalHa TpaHUYHa 3a/a4a 3a p-JlamiacoBo
ypaBHEHHE C TpaHWuHHU ycioBus Ha Jlupuxie. IlpeacraBeHo e CTporo AoKas3aTeslcTBO 3a
CBIIECTBYBAaHETO W EIMHCTBEHOCT Ha ciaboro pemienune. Cnabata ¢GopMynupoBka Ha
HeJIOKaJHaTa 3ajqada e TpaHchopMmupaHa B 3ajada 3a Oe3zycioBHa MuHMMM3alus. [lomydeHo e
BapUaIllMOHHO HEPAaBEHCTBO 3a IesieBUs (yHKIMOHaN. Jloka3aHM ca ampHOpPHM OLEHKU 3a
cnaboro pemenre. ONTUMH3AalMOHHATA 3ajjaya € pelleHa 4Ype3 ABYTOUYKOB HTEpallMOHEH
rpagueHTeH Merol. HamepeHa e CThIIKAa 3a MTEPALMOHHUS METOM, OCHUTYpsBalla MOHOTOHHO
HaMaJIsiBaHE Ha TpelIkaTta B MPUOJMIKEHUTE PelIeHUs. Y CTaHOBEHA € (-JIMHEHA CXOAMMOCT Ha
KpailfHOeNIEMEHTHUTE NPUOIMKEHUSI KbM JAUCKPETHOTO pelmieHue. J{oka3aHO € MOHOTOHHO
HaMaJlsgBaHe Ha rpeikara. Pa3paboreHa e opuruHaiHa mpoleaypa 3a MojiyyaBaHe Ha HadaJlHUTe
npuOJIMKEHNsT B WUTEpallMOHHUS mpouec. llpeacraBeHn ca YHCICHM NPUMEPH, IMOIKPEISIIN
pa3paboTeHaTa TeOpHsl.

Nonlinear nonlocal boundary-value problems

The paper deals with a nonlinear nonlocal p-Laplacian equation with Dirichlet boundary
conditions. A rigorous proof for the existence and uniqueness of the weak solution is presented.
The weak formulation of the problem of interest is transformed into an unconstrained
minimization problem. Variational inequality for the objective functional is obtained. A priori
estimates for the weak solution are proved. The optimization problem is solved by means of the
two-point step size gradient method. A steplength for the iterative method assuring a monotone
decrease of the error in approximate solutions is found. Q-linear convergence of the finite
element approximations to the discrete solution is established. A monotone error reduction is
proved. An original procedure for obtaining initial guesses is developed. Numerical examples
supporting the developed theory are discussed.
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MuHuMu3anMs HA HeJIMHEeHU QYHKIUOHAIH

Ta3u craTusi € MOCBETEHAa HAa aHAJIMW3 Ha CKOPOCTTAa HA ABIOOKO MAIIMHHO OOydeHue upe3
MHOTOCJIOITHM HEBpPOHHU Mpexu. llpu mpoekTHpaHeTo Ha HEBPOHHHU MPEXHU MHOIO aBTOpU
npujarat CpCIHOIIOJICBA aIllpOKCUMaNUs, 3a [a YCTAHOBAT AKTHUBHUTC HCBPOHU B CKPUTUTC
cioeBe. 3a Ja MOJyYUM TPaHUYHUTE CTOWHOCTH MPHU CPEIHONOJeBa AalpoKCHMalus HUe
TpaHchopMUpaMe MbpBOHAYaJgHATa 3a7adya B MHHMMH3aUMOHHA. OOEKT Ha H3CIe/lBaHE e
MeTronbT Ha bap3unait u bopBaiiH 3a pemaBaHe Ha TMOJMYYEHUS ONTHMH3AMMOHEH MPOOJIEM.
OCHOBHOTO npeaAuMCTBO Ha IABYTOYKOBHUA TI'PaJUCHTCH MCTOA € B HCroBata HPOMCHJIMBA
crpnka. M300pbT Ha MOAXOIIaTa CThIIKA 3aBUCH OT IiesieBUs (yHKIMOHAN. B Ta3u cratus ca
MOJIyYEHU OPUTMHAIHU CTHIKH, KOUTO Ca CPABHEHHM C KJIACMYECKaTa CThIIKA W3MOJ3BaHa OT
bap3unaii u bopaiiH. JlokazaHu ca JOCTaThbYHU YCIOBHUA 3a ChIIECTBYBaHE M €IMHCTBEHOCT Ha
cnaboTo pemienue. [IpencrtaBeHO € CTPOro J0Ka3aTeiacTBO 32 CXOJUMOCT Ha CPEAHOIOJIEBHUTE
anpokcuManuu. [lpeacraBenu ca mpuMepH ¢ pa3iMyHU TErJI0BH MAaTPHIIH.

Minimization of nonlinear functionals

This paper is devoted to an analysis of the rate of deep belief learning by multilayer neural
networks. In designing neural networks, many authors have applied the mean-field
approximation (MFA) to establish that the state of neurons in hidden layers is active. To study
the convergence of the MFAs, we transform the original problem to a minimization one. The
object of investigation is the Barzilai-Borwein method for solving the obtained optimization
problem. The essence of the two-point step size gradient method is its variable steplength. The
appropriate steplength depends on the objective functional. Original steplengths are obtained and
compared with the classical steplength. Sufficient conditions for existence and uniqueness of the
weak solution are established. A rigorous proof of the convergence theorem is presented.
Various tests with different kinds of weight matrices are discussed.
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HNTepannoHHn MeTOaM 32 00y4eHN e HA HEBPOHHH MPeKH

B pasnuunum obnact Ha UMHAYCTpUATA, IUCTAHIIMOHHOTO YIpaBJIEHWE HAa MAIIMHUTE
3HAUUTEJIHO YBEIUYaBa IPOU3BOAUTENHOCTTA. J[MCTAaHIMOHHOTO YIpPAaBICHUE HA MAIIMHU €
M3KJIIOYUTETHO BaXKHO ITPU BB3PACTHU XOpa U Xopa C yBpexkaaHus. [ 1acoBure KOMyHHMKalnu ca
€CTECTBEHMSIT HAUMH 32 KOMYHHUKALUS MEXKIY CIYKUTEIUTE OT pa3IMuHu HepapXUuHU
CTPYKTYpHU. Pa3BUTHETO Ha ChBPEMEHHHUS XapAyep, MO3BOJIsABA TAaKMBA B3aUMOOTHOLIEHUS J1a
ce M3rpakaaT M MEXIy YOBEK M MamMHa. KOHTakThT C ynpaBisBaHUs OOEKT Ha TOBOPUMHUS
€3WK NIpPaBH KOHTPOJIa MHOTO MO-€(EKTUBEH OTKOJIKOTO YIPABICHHUETO 4Ype3 KOMMIIOThPHU
KOMaHJIM Ha Pa3IMYHU AITOPUTMHUYHHM €3ULM. [J1acOBOTO ympaBiieHHE OCUTypsiBa Obp3a H
cBO0O/IHa KOMYHHUKAIUsI MEX]y XOpa U KOHTPOJIMpPAHU OOEKTH 3aTOBAa TO HaMHUPA €CTECTBEHU
NPUJIOKEHUSI CBBP3aHU C YIPABICHHUETO Ha JBIJKEIIUTe ce obekTtu. Hacrosmiara cratus e
MIOCBETEHA HA JHUCTAaHIMOHHOTO YIPaBJIEHWE Ha JBUXKEIIU ce 00eKTH. [ 1acoBUAT KOHTpOI ce
U3IIONI3BA 3a YOpaBJeHHE Ha pOOOTH, IPOHOBE, MHBAIMIHU Konuukun u ap. C wmen
OCBIIECTBSIBAHE Ha TJIACOBO YIPAaBJICHHE € TMOJY4YeH HOB CTOXAaCTUYEeH KIacu(puKaTop.
OchliecTBeHa € ycnenHa KiacupuKaiys ype3 HoBa MallnHa Ha bosMaH ¢ Ba CKPUTH CIIOAL.
[IpouechT Ha ABIOOKO MAIIMHHO OOy4YeHHE € H3Cle[BaH MO OTHOIIEHHWE Ha 3ajayaTa 3a
cpenHonosneBa anpokcumarus. IlomoOpeH anropuThbMm 3a MpHaraHe Ha MeTojJa Ha
MOCJIEIOBATEIHUTE MPUOIMKEHUSI € M3MO0J3BaH 3a MOBUIIaBaHE Ha CKOPOCTTa HA CXOJUMOCT.
[TomyyeHHAT B Ta3W CTaTUs AITOPUTHBM 3a OOyueHHEe Ha KiIacH(HUKaTopa € MpeJCTaBeH B
IICEBIOKO/. J[EMOHCTpUpAaHU Ca YUCIEHH EKCIIEPUMEHTH, KOWTO WIKOCTPHUPAT pasriielaHara
TEOpHusl.

Iterative methods for training neural networks

There are various areas of industry where the remote control of machines significantly increases
productivity. In terms of household, this is extremely important for elderly and disabled people.
Voice instructions are the most natural way of communication between employees from
different hierarchical structures. The development of contemporary hardware allowing such
relationships to build span between man and machine. Contact with the managed object of
spoken language makes control very efficient. Moving objects can be successfully controlled by
voice commands having in mind that the voice control assures hands-free and fast
communication between humans and controlled objects. The present paper deals with the remote
control of moving objects. Voice control is used for managing robots, drones, wheelchairs, etc.
A new stochastic classifier has been obtained for this purpose. A successful classification by a
new two hidden layer Boltzmann machine has been realized. The process of deep machine
learning has been studied with respect to the mean-field approximation problem. An improved
fixed-point iteration algorithm is used to accelerate the rate of convergence. An algorithm for
training the classifier has been written explicitly in pseudocode. Real-life tests are discussed.
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HNrepannoHHu MeToau 32 00yuyeHHe HA HEBPOHHHM MPeKH

Ta3u cratus wu3cnenBa NPUIOKEHHETO HA OrpaHMYeHaTa MamuHa Ha bomnMan 3a
aBTOMAaTUYHOTO pa3lO3HaBaHE Ha ped B CUCTEMMTE 3a IJ1acoBO ympaBieHue. Pazpabotena e
cucrema, KosTo ce (hOKycHupa BbpXy M3MOJI3BAHETO Ha CUTHAJICH MPOLECOp 3a TpaHCPOopMUpaHe
Ha TIJacOBUTE KOMAaHIUW B LU(POBM KOJOBE C LN YIpaBlIEHWE Ha OIpejesieHa cpeja.
[IpencraBeH e HOB cTOXacTUYEH MoJel Ha cuctemara. Kimacugukaropa 3a pa3no3HaBaHe Ha ped
ce onupa Ha reHepaTUBHO OO0yuyeHHe upe3 orpaHuueHa MmamvHa Ha bomnman. CeliecTBeHo ca
M3IIOJI3BAaHN HOBU KJIAaCH(UKALMOHHU MOAXO0MM Oa3WpaHM Ha KPUTEPUH 3a CHBIAJICHUE HA JBa
BpEMEBU pefia. YCIENIHO Pa3No3HaTUTe KOMaHAU C€ ChbXPaHABAT 3a JOMBIHUTEIHO 00y4YeHHE,
KOETO JOMyCKa CHUCTeMaTa Jia ce pa3BUBa BbB BpemerTo. [IperncTaBeHM ca pa3luyHU peaHH
MPUJIOXKEHHUS Ha MpeiokeHaTa cucreMa. MoJlenbT € TeCTBaH BbpXy eKCliepuMeHTal Ha 0a3a ot
JAHHH.

Iterative methods for training neural networks

This paper investigates the application of the Restricted Boltzmann Machine to the problem of
automatic speech recognition in a voice control system. The proposed system focuses on using a
signal processor to transform the voice commands into digital codes to manipulate a particular
environment. A novel stochastic model of such a system is presented. Generative learning by a
Restricted Boltzmann Machine is applied in the classifier of the speech recognition model
utilizing innovative classification criteria for matching two time series. The successfully
recognized commands are stored for additional training. Various real-life applications of the
proposed system are discussed. The proposed model is tested on an experimental data set.

21



A42. A. Srivastava, M. Kumar and T. D. Todorov, A ninth-order convergent method
for solving steady state reaction-diffusion model, Computational Mathematics and Modeling,
vol. 26, issue 4, 2015, pp. 593-603. ISSN 1046-283X

Scopus Q4

HesnHeliHM HeJIOKAJIHM TPAHUYHU 321244

B crarusra ce pasriexia cTanroHapHa BEpCUs HAa HEJIOKAIHA HeMHEHa mapa0oinyHa 3a1a4a,
neduHUpaHa BbpPXYy OTpaHMuY€HAa MHOTOBI'bJIHA 00jacT. HenmokalHUAT MHOXKHTEN, BKIIOYEH B
CHUJIHaTa (bOpMyJII/IpOBKa, SHAYUTCIIHO YBCJIMYaBa CJIIOKHOCTTA Ha 3aaa4daTra U HGOGXOI[I/IMaTa
o0ma n3uncnuTeaHa padoTa 3a HEHHOTO pemaBane. Henunelinara cnaba gopma Ha 3amayara e
JTUHean3upaHa, KOeTo s MpaBu yA0OHA 3a pelraBaHe upe3 UTEPAIMOHHH MeTonu OT HIoTOHOB
tun. C moMomira Ha METO/Ja Ha KpalHHUTE eJeMeHTH € GopMyupaHa IUCKpeTHa 3ajaya. 3a
pelraBaHe Ha TUCKPETHATA 3a/ladya € MPUIIOKEH YCTOWYMB UTEPATHBEH METOJ C JIEBETH Pel Ha
cxoauMocT. WTepaTUBHUAT anropuTbM € ONHUCAaH C ICeBAOKOA. MeTonbT € peanuzupaH
KOMITIOTBPHO M MPUOJIMKESHUTE PEIICHHsI ca MPEACTaBEHH I'pauuHO.

Nonlinear nonlocal boundary-value problems

The paper deals with a steady-state version of a nonlocal nonlinear parabolic problem defined on
a bounded polygonal domain. The nonlocal term involved in the strong formulation essentially
increases the complexity of the problem and the necessary total computational work. The
nonlinear weak formulation of the problem is reduced to a linear one suitable for applications of
Newtonian type iterative methods. A discrete problem is obtained by the FEM. A fast and stable
iterative method with ninth-order of convergence is applied for solving the discrete problem. The
iterative algorithm is described by a pseudo-code. The method is computer implemented and the
approximate solutions are presented graphically.
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MareMaTH4€eCKO MoOJde/IMpaHe HA I'J1aCOBH CUTHAJIH

Hacrosmata cratusi pasriaexaa MOJEN Ha CHCTeMa 3a IJIacOBO ympaBlieHue. To3u monen ce
OCHOBaBa Ha KpailHo-eleMeHTHa o00paboTka Ha BXoaHusa curHai. IlomyueHarta cucrema e
HEe3aBHCHMa OT MPOU3HOILIEHUETO Ha moTpeduTenure. Muedra e Bcska riiacoBa KOMaHaa Ja ce
pasnenu Ha cheTaBsuTe 5 aymu. Cliesr ToBa BCsika ayMma ce paszens Ha gpeiimose. [To-HaTaThK
Bcekn (peiiMm ce oOpaboTBa cbe cobcTBeHa dectoTa. ChINECTBYBAT pPa3lMYHH CHCTEMHU 32
yIpaBlieHUuE, KOUTO PaboTAT C MajKu peyHulr TakuBa ca JTOMAllHUTE CUCTEMH, CUCTEMH 3a
I/I,Z[GHTI/I(bI/IKaL[I/I}I u T.H. M3mon3BaHeTo Ha BUCOKOAOCTOBCPHU CTOXACTUYHHU MOIACINU B TO3U
ciy4yail He € e(EeKTUBHO, Thi KaTO T€ C€ HYXKIAsAT OT rojieMu 0a3u OT JIaHHHW 3a OOy4eHHE U
OaBHM MpOIIeTypH 32 B3eMaHe Ha perneHne. OCHOBHATA 1€ Ha HACTOSIIIOTO U3CIICBAHE € J1a Ce
moTydu Obp3, HECTOXAaCTHYCH W YCTOMYHMB aJITOPUTHM 3a 00paboTka Ha M30JIMpaHa KOMaHJA.
HOJ’Iy‘IeHI/ISIT TCOPCTUYCH MOJCI € aJITCpHATUBA Ha MCTOAUTC 34 KJIaCI/I(bI/IKaL[I/I}I HU3I10JI3BAHU B
CUCTeMH, KOUTO paboTAT ¢ Manku pedHund. I[IpeactaBeHm ca eKCHEpUMEHTH, KOWTO
MOTBBPXK/IABAT PA3TIICKIaHATA TCOPHSL.

Mathematical modeling of voice signals

The present paper deals with a voice control system model. The model is based on FEM
processing of the input signal. The obtained system is speaker-independent. Each isolated
command is split into words after speaker pronunciation. All words are divided into frames.
Each frame is processed by a particular frequency. The words in the commands should be
pronounced with pauses between them. There are a lot of control systems that operate with small
vocabularies, for example, home systems, identification systems, etc. The usage of deep belief
stochastic models, in this case, is not effective since they need a large training data and long-
time evaluation procedures. The main purpose of the present investigation is to obtain a fast,
nonstochastic, and stable algorithm for processing an isolated command. The obtained
theoretical model is an alternative to the well-known methods for the systems which operate
with small vocabularies. Real-life experiments supporting the considered theory are presented.
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HesnHeliHM HeJIOKAJIHM TPAHUYHU 321244

Ta3u craruara € MOCBETEHA HAa HEIWHEHHO EIUITUYHO YPaBHEHUE OT BTOPU pel C IT'PaHUYHU
ycinoBus Ha [lupuxie. HenokamHMAT MHOXXHUTEN, BKJIIOYEH B CHJIHATa (OPMYJIHPOBKA Ha
3a/1a4ara, ChIIECTBEHO yBEIMYaBa HEWHATa CIOXHOCT. HampaBeHO € cTporo 0Kas3aTeicTBO 3a
CBIIIECTBYBaHE M E€IMHCTBEHOCT Ha ciaboro pemenue. Henunelinara ciaba ¢opMynupoBKa €
CBE/IeHA /10 MHHMMHU3MpaHE Ha HeNuHeeH (yHKIMOHaN. JlarpamkeBH KpalHU €IIEMEHTH ca
U3II0JI3BaHU TIpU (POPMYJIHpaHE Ha ITUCKPETHATA 3a/1ada. J[ByTOUKOB IpaJiMCHTEH MTEPAIMOHEH
METOJ/I C OPUTHHAJIHA CTHIIKA € U3IMOJI3BaH 32 HAMUpPaHe Ha MpuOmmKeHuTe pemeHus. [lpu To3u
MOJIX0/ HE € HeoOXoJuMa Mpolenypa 3a ThPCEHE Ha HampapiieHwe. Hacrosmust meron e
[IporpamMupad U TECTBAH BbPXY PA3IM4YHU TPUAHTYJIALMKU. Te€CTOBUTE NMpUMEpPUTE MOKA3BAT, 4e
METOIbT 3aBUCH €200 OT HAYaTHUTE TPUOTHKEHUSI.

Nonlinear nonlocal boundary-value problems

The paper deals with a nonlinear second-order elliptic equation with Dirichlet boundary
conditions. The nonlocal term involved in the strong problem essentially increases its complexity
and the necessary total computational work. The existence and uniqueness of the weak solution
are established. The nonlinear weak formulation is reduced to the minimization of a nonlinear
functional. Finite element discretizations by Lagrangian finite elements are applied to obtain an
approximate minimization problem. A two-point step size gradient method with an original
steplength is used for finding approximate solutions to the problem under consideration. No line
search procedure is necessary for the new approach. The present method is computer-
implemented and tested on different triangulations. The test examples indicate that the method
slightly depends on the initial guesses.
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Zentralblatt

HeJimHeHN HeJIOKAJIHU TPAHUYHH 321a4H

OOexThT Ha H3CIICIBAHE B HACTOSIATA CTAaTHs € HEJIOKallHA HENTWHEeiHa 3amada 3a o0
SJIUNITUYEH OMepaTop OT BTOpHU peld. Pasriexxnanata rpaHuYHA 3a7a4a MNpPECTaBIIsABa MOJIEN Ha
HEJOKaJleH peakuuOHHO-Au]y3roHeH mpormec. ToBa w3cienBaHe € BIBXHOBEHO U OT
MPWIOKEHNE Ha pe3yJiTaTUTe B H3UMCIUTENHATa Ouoyiorusd. 3a peliaBaHe Ha JUCKpETHATa
3aJladya ca W3IOJI3BAHM KpPAWHOEIEMEHTHH TpuaHryinanuu. lIlopagu cBosita mpocrora H
e(eKTUBHOCT, TpaJMeHTHUS MeTol Ha bap3unait m BopBaifH € W3MOJ3BaH 3a HaMHpaHE Ha
MOJIOKUTCIIHHU PCIICHHUA II0 OTHOIICHHWC HA HCXOMOICHHUSA CHIJIICH MOJICI Ha pacTexk
nputexaBai] Aine edekr. Pa3paboTeHUAT YCTONYHMB WTEPATHBEH  QJITOPUTHBM OCHUTYpsBa
MOHOTOHHO HaMaJliBaHe Ha rpemikara. I[IpeacraBeHo € CTpOro A0Ka3aTejICTBO HA Teopemara 3a
MOHOTOHHa cXoAuMocT. llpencraBeHn ca W 4YHCIEHHM €KCIIEPUMEHTH B IMOJAKpena Ha
pasriaex1aHaTa TeopHsl.

Nonlinear nonlocal boundary-value problems

The object of interest in the present paper is a nonlocal nonlinear problem for a general second-
order elliptic operator. The problem under consideration represents a model of the nonlocal
reaction-diffusion process. Furthermore, applications in computational biology are also
available. The strong problem is reduced to a discrete minimization problem. The approximate
problem is obtained by Lagrangian finite element discretizations. Due to its simplicity and
efficiency, the Barzilai and Borwein gradient method is used for finding positive solutions with
respect to the inhomogeneous strong Allee effect growth pattern. The corresponding fast and
stable iterative algorithm converges monotonically with respect to the objective functional. A
rigorous proof of the monotone convergence theorem is presented. Computer implementations of
the method support the considered theory.
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Metoa Ha KpaliHUTe eJIeMeHTH 32 00pa0oTKa Ha CUTHAJIH

Ta3u craTudATa € MOCBETEHA HA CUCTEMHUTE 3a IJIACOBO pas3no3HaBaHe. [lojlyyeH € HOB KpailHo-
eJIeMEeHTEH MeToJ 3a 00paboTka Ha curHaM. Bceku BXOJieH curHaji ce o0paboTBa ¢ pa3inyHa
gectoTa. [loBeueTo aBTOpU aHATM3UPAT HETICTPATHUTE KOSPHUIIMEHTH B CBOUTE KJIACU(DUKATOPH.
B Ta3u crarus 3a pa3no3HaBaHe HAa BXOJAHUS CUTHAN CE€ M3II0JI3BA BEKTOPHT HA JIOTAPUTMHUYHATA
eHeprus. BbpBeJieH € HOB KpallHO-€JIEMEHTEH KpUTEepUil 3a OJIM30CT MEXy TJIaCOBH KOMaHIU U
MPEABAPUTEIIHO CBhXPAHEHW MOJEIH. 3a Ta3u 1eJl € IOJy4eH HOB KBa3U-€pMUTOB
WHTEpIOJIALIMOHEH omeparop. [lpoBeaeHM ca YUCIEHHM EKCIEPUMEHTH  MOJKPETISIIN
pasriaex/aaHaTa TeopHsl.

The finite element signal processing method

The paper deals with voice recognition systems. A new finite element signal processing method
is obtained. Each input signal is processed by a particular frequency. Most authors analyze the
cepstral coefficients in their classifiers. The logarithmic energy vector is used for recognizing the
input signal in the present paper. A new finite element criterion for closeness between voice
commands and preliminarily stored patterns is introduced. For this purpose, a new Quasi-
Hermite interpolation operator is obtained. The new ideas are computer-implemented. Real-life
tests supporting the considered theory have been carried out.
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Yucnenu meroan 3a 00padoTka HA CHTHAJIH

HOBG‘-IGTO aBTOpI/I, aHaJII/IBI/IpaH_II/I IJ1aCOBH CHUTHAJIU, U3I10JI3BAT yeﬁBJ’IeT METO/ 3a U3BJIMYAHC HA
XapaKTePUCTHKUTE HAa CUTHAJIa M TWHAMUYHO WU3KPUBSBAHE HAa BPEMETO 3a CpPaBHSIBAHE HA JBa
BpeMeBI/I peﬂa B CBOTBCTHHUTC KJIaCI/I(bI/IKaTOpI/I. HBHOHSB&HCTO Ha ITWHAMHUYHO I/I3KpI/IB$IBaH€ Ha
BPEMETO Ch3/1aBa 3HAYUTEIHN TPYIHOCTH IIPH ITOJTYYaBaHETO Ha MOJICIIM Ha BpEMEBH pejioBe. B
Ta3| CTATUS BBHBEXKIAME aITePHATHBEH MOJXO]] 32 CPAaBHEHUE HA JIBA BPEMEBU pena 0e3 aHaiu3
Ha nencrpaigau koeduruentu. [IpeacraBen e HOB MeTo 3a 00pabOTKa HA CUTHAIM C TTOMOIITA
Ha KpaﬁHH CJIICMCHTU. HaCTOHH_II/ITe TCXHUKU 3a pa3n03HaBaHe Ha peq 3HAUYUTCIIHO HaMaJisaBaT
obmiara W34YMCIUTENIHA paboTa, KOSETO € MHOTO BaXXHO B CIIy4ail Ha TPHUIOKEHUE B PEATTHO
BpeMe. HpeI[CTaBeHI/I ca YCHGLHHI/I YHUCJICHHU eKCHepI/IMeHTI/I.

Numerical methods for signal processing

Most of the authors analyzing speech use the wavelet method for feature extraction and Dynamic
Time Warping for comparing two time series in their classifiers. The usage of DTW generates
significant difficulties obtaining patterns as an average of series. We introduce an alternative
approach without analysis of the cepstral coefficients. The present paper summarizes new
methods for the recognition of speech. A new finite element signal processing method is
demonstrated. The present speech recognition techniques essentially reduce the total
computational work, which is very important in the case of a real-time application. Successful
real-life examples are presented. The tests strongly support the considered theory.
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Teopus Ha MpexkuTe

KOHTpOJ'I’bT BBpPXY MApKaTa 3a U3POACHOCT € OT ChHICCTBCHO 3HAUCHUC IIPHU CHCTABAHCTO Ha
pemuIy  OT TOCTEeNOBATeIHH TpUaHTynanuu. llpomenypure 3a aHanW3 Ha MspKara 3a
HU3POACHOCT Ca H€O6XO,Z[I/IMI/I IIpu U30apaMeTpuiHUA MOoAXOd U OC06€HO B CJIy4auTc, KOrato
rpaHMIaTa Ha 00JIacTTa MPUTEKaBa TOUYKK Ha oOpbIaHe. B To3m cnydaii, oOnuailHUTE METOIN
3a CI'bCTABAHC TCHCpHUpAT pPCAULU OT IIOCICAOBATCIIHA TpHUAHTYJIAllUK CbC CBOICTBOTO
m3mumbK. ETO 3amio pa3BUTHETO Ha TpOILEAypHTE 3a IOA0OpsSBaHE Ha KadyecTBOTO Ha
KpailHOCIEeMEHTHUTE TpHaHTyJdauuu € Jno0pe MotuBHpaHo. ChIIECTBYBAT pa3IUuyHU
€IHOMPEXKOBM TEXHHKH 3a TOJO0OpsBaHE Ha KAdyeCTBOTO HA KpalHOEJICMEHTHHTE
TPUAHTYJIALIUH. B Ttas3u cratusa MMpeaAcCTaBsIMC IBYHHBOB MHOTI'OMPCIKOB MCTO/J 3a HAMAJISIBAHC Ha
MsIpKaTa 3a U3pOACHOCT. METOIbT € MPHIIOKUM HE CaMmo MPHU TPUAHTYJIAIUU C TTPABOJIMHEHHH
KpailHU eNeMEeHTH, HO ¥ B H30MapaMeTPUYHMs Cllyyail 3a TpuaHryiaupaHe Ha objactu ¢
HEJUMIINAIOBA TpaHUIa. YWCIEHWTE pe3ylTaTH IIOKa3BaT, Y€ TO3U JBYMPEKOB METOI
MIPEBH3X0XK/1A KIIACUICCKUTE SHOMPEKOBU METOTH.

Theory of meshes

Reducing the degeneracy measure is a crucial point in compiling sequences of successive
triangulations. The reducing degeneracy measure procedures are very important in the
isoparametric approach especially in the case of boundaries with turning lines. The usual
refinement strategies produce sequences of successive triangulation with overspill property in
this case. That is why the development of the improving quality procedures is well motivated.
There are a lot of single grid techniques for improving the quality of meshes. The paper deals
with an effective two-level multigrid method for reducing the measure of degeneracy. The
method is applicable not only in the affine case but also in the isoparametric one for non-
Lipschitz domains. The numerical results indicate that the method is superior to the single grid
ones.
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Teopus Ha MpexkuTe

Metoau 3a CrbCTABaHE HAa TPUMEpPHA MpeXa OT CHUMIUIMIUAIHH €JEMEHTH ca OOCKTH Ha
U3CIeABaHe B HacrosAwiara cratus. PasrienaHa € 3aBUCMMOCTTa Ha PEIICHUATA MOJIYYEHH C
KpallHU €JIEMEHTH OT pa3JIMYHU MpoLenypu 3a crbcrsBaHe. IlomyueH € HOB Merox 3a
CT'bCTSIBaHE, KOWTO € ONTHMAJEH II0 OTHOIIEHHWE HAa MJApKaTa HAa H3POJEHOCT 3a BCUYKHU
KaHOHMYHHM oOnacTu. HampaBeHu ca cpaBHEHHMS Ha HOBHS METOJ| C W3BECTHH TEXHHMKH 3a
paszaensiHe Ha obsactTa. [IpencTaBeHy ca HAKOU M30MapaMeTpUYHH IPUMEPH.

Theory of meshes

3-D mesh refinement strategies are the object of interest in the present paper. The dependence of
finite element solutions on various refinement procedures is discussed. A new refinement
strategy, which is optimal concerning the measure of degeneracy for all canonical domains is
obtained. Comparisons with known refinement techniques are made. Some isoparametric
examples are presented.
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A34. T. D. Todorov, Analysis of simplicial refinement strategies in spherical type
domains, Journal of the Technical University - Sofia, Plovdiv Branch, “Fundamental
Sciences and Applications” vol. 19, book 2, 2013, pp. 321-324. ISSN 1310-8271

MeToau 3a crbCcTABaHe

Tenara or KbJIOOBHAEH THUIl Ca M3BECTHH C MHOTOOPOMHHTE CH HMHXCHEPHH MPHUIIOKCHHUS.
Bbpxy obnactu ¢ rpanunia ot cepudeH TM ce neUHUpAT pa3InyHu TpaHudHU 3a1adu. OOeKT
Ha M3CJICABAHC B HACTOAIATA CTATUA € TPUAHTYJIUMPAHC Ha TAaKWBa O6HaCTI/I. J'[arpaHn(eBHTe
KpaifHH €JIeMEHTH ca 0COOCHO aTPaKTHBHH MOPAJN HUCKATA MM M3YUCITUTETHA 11eHa. OCHOBHHS
IMPHUHOC HAa Ta3u CTATHUA CC ChCTOU B OMPCACIIIHCTO HA OINTUMAJICH MCTOA 3a CI'bCTSABAHC IIPHU
00JIaCTH C TpaHUIA OT CPEepUYICH THIl. 3a/lavyara € pelieHa Ha OCHOBAaTa Ha JIarpaH)KeBU KpaiHU
CIICMCHTH, KAKTO 3a HU3IIBbKHAJIW JIUIIITUIIOBHU 06J'IaCTI/I, Taka U 3a 06J'IaCTI/I YUATO I'paHULA
MIPUTEKABA JIMHUU Ha OOpBIIIaHE.

Refinement Strategies

The solids of spherical type are of considerable practical importance with a lot of engineering
applications. The object of interest in the present paper consists of triangulating such solids. For
this purpose, the simplicial Lagrangian finite elements are very attractive due to their low
computational cost. The paper answers the question of which simplicial refinement strategy is
the most suitable for triangulating spherical type domains. The main problem is reduced to
optimization one and solved numerically both for the convex domains and for the nonconvex
and non-Lipschitz ones.
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A33. M. S. Petrov, G. G. Simeonova and T. D. Todorov, Optimal triangulations of a
ball by simplicial finite elements, Contemporary Methods and Technologies in Scientific
Research in proceedings, 2013, pp. 305-311. ISBN 978-954-21-0630-2

MeToau 3a croCcTABaHE

B Ta3u cratus ca u3cinenBaHU penUIM OT TOCJIEAOBATEHUM TPHUAHTYJIAMU Ha KbJIOO MO
OTHOILICHME Ha MEPKUTE Ha M3poAeHOCT M edekruBHOCT. HamepeHa e penuia ¢ ONTHMalIHU
cBoiicTBa. I[lomyuyeHuTe pe3yiTaru ca CpaBHEHU C aHAJOTMYHM I'€HEPUPAHU OT KOMEpCHAJIEH

codTyep.

Refinement Strategies

A superior sequence of successive triangulations of the ball with respect to the efficiency and
degeneracy measure is found. A comparison between the most effective known methods is
presented. The results are useful not only for researchers but also for developers of commercial
software. Sequences of successive triangulations obtained by commercial software are analyzed.
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Sequences of Successive Tetrahedron Triangulations, in proceedings of The Third
International Scientific Congress, vol. 7, Varna, Bulgaria, 2012, pp. 257-261.
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MeToau 3a crbCcTABaHeE

VYcneunure NpuiaoKeHUss HA MHOTOPEXKEBU METOJIU 3aBUCAT OT ChCTABSHETO HA PEAMIM OT
MOCJICIOBATETHN TpUaHTyJanuu. M300pbT Ha METOA 3a CTBTABAHE C€ HYXKIAe OT ChOTBETHUS
omeparop 3a BPb3KAa MEXKJY JIBE IOCIEAOBATeIHM Mpexu. KauyecTBOTO Ha MpEeXHUTE BIIHSE
MPSIKO BBPXY MPHUOTMKEHUTE PEIICHHS. 3aTOBa M3CICABAHETO HA PEIUIM OT IMOCIEAOBATECIIHU
TPUAHTYJISIIUUA € 100pe MoTuBMpaHo. CTaTHsiTa MPENCTaBIsIBA €IWH CPABHHUTEJICH aHAIN3 Ha
HaW-TONYJIIPHATE METOJIM 3a CI'bCTSBAHE M M3SICHSABA OO0JIACTUTE HA TAXHOTO TMPUIIOKECHHE.
HanpaBenu ca TectoBe U BbpXy 00JacTH ¢ TOYKM Ha oOpblaHe. JlokazaHa € yCTOMYMBOCT Ha
METOa 3a CrbCTsIBaHe 7-12 3a BCHMUYKM KaHOHWYHHM 00JacTH. M3ciienBaHu ca U cBOiicTBaTa Ha
HSIKOU 3a0€JIKUTEIIHU TETPACAPH.

Refinement Strategies

Successful applications of multigrid methods strongly depend on compiling sequences of
successive triangulations. The choice of refinement strategy needs a corresponding intergrid
transfer operator. The quality of meshes affects directly the approximate solution. That is why
the investigation of sequences of successive triangulations is of considerable practical
importance. The paper deals with a comparative analysis of the most popular refinement
strategies and clarifies the area of their applications. The tests of different approaches for
triangulating domains with turning points is also presented. The stability of the 7-12 Refinement
Strategy in the case of canonical domains is proved. Properties of some remarkable tetrahedra
are investigated.

32



A31.T. D. Todorov, Analysis of the Full Isoparametric Multigrid Algorithm for a
Second Order Elliptic Problem, The Open Numerical Methods Journal, vol. 3, 2011, pp. 7-
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Zentralblatt

HeBao:kenn MHOI'OMPEKOBH METOAU

EnmunTiuna 3amada OT BTOpU pel € pasrienaHa BbpPXy 00JacT ChC CIOXKHA T'€OMETPHSL.
Ob6nacTTa € TpUaHTyJIupaHa ¢ TPUBI'bJIHU KPaiHU €JIEMEHTH OT CTEMeH M0-BUCOKa UM paBHA Ha
nse. OOpasyBaHa € penuia OT HEBJIOXEHH IIOCIEIOBATEIHH TPUAHTYJIAIMH BKJIIOYBAIIH
KpUBOJIMHEWHU KpaliHU eleMeHTH. Jloka3aHa e onTUMallHaTa CKOPOCT Ha CXOJMMOCT 32 IIbJIHUS
MHOTOMPEKOB AJITOPUTHM. TeopeMaTa 3a CXOJUMOCT € pasriieflaHa B CiIydasi, Koraro OposiT Ha
UTEpalMUTE 3a pelllaBaHe Ha OCTaTbyHATa 3ajaya Ha rpybata Mpexa € u30paH Taka, 4ye IieHaTa
Ha M3YHCIUTENIHATAa padoTa Ha €Ha WTEpaIOHHA CTHIIKA HA MHOTOMPEKOBHUS QJITOPUTHM €
MpoIopLMOHaIHA Ha Oposi Ha HEW3BECTHHTE. AHAIU3BT Ha CXOJUMOCT Ha IIBJIHUSA
MHOTOMpPEKOB ~aJITOPUTBM € HampaBeHa Bb3 OCHOBA Ha M30MapaMETPUYEH IOJAXOJ.
[IpencraBeHu ca YUCIEHU MPUMEPH, MOAKPEISIIU IpecTaBeHaTa TEOpHs.

Nonnested multigrid methods

A second order elliptic problem is investigated in domains with complex geometry. The
sequence of nonnested finite element triangulations is generated by higher order curved
elements. The optimal convergence rate is proved for the full nonnested multigrid algorithm. The
convergence theorem is considered in the case when the number of iterations for the coarse-level
residual problem is chosen so that the cost of the computational work of one iteration step of the
multigrid algorithm is proportional to the number of unknowns. Convergence analysis of the full
nonnested multigrid algorithm is done on the basis of a pure isoparametric approach. Numerical
tests supporting the theory are presented.
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MeToau 3a NpeCcMATAHEC HA T€TCPMUHAHTH

Hacrosimara cratus € IOCBETEHAa Ha INPECMATAHETO HA ACTEPMMHAHTa Ha TPUAMArOHAIIHA
TIOJIOKMTENHO OIpeeleHa MaTpulia. 3a IpecMsATaHeTo € us3momsBano LDLT pasnmarane.
IIpencraBeHa e u ujes 3a pelaBaHe ype3 BEpHKHU IPOOH.

Determinant calculation methods

The paper deals with a calculation of determinant of tridiagonal positive defined matrices. To
this end LDL" decomposition is used. The main idea is compared by another solution method
based on the chain fractions.
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EnunTu4Hu 321248 OT BTOPH pe B 00/1aCTH ChC CJI0KHA TeOMeTPHS

Pasrnenana e TpumepHa 3agavya 3a MpecMsTaHE Ha IOTOKa IMpe3 JIByMEpHa 3aTBOpEHa
HenpekbcHata mo Jlunmmi rpanuua. [lo cBosita ChITHOCT TOBa MpECTABIIABA 3a/1a4a B KOSITO
JIBETE CTPAHU MMAT Pa3IMyHU pazMepHocTu. CTaTusaTa NpeAcTaBsl U30I1apaMEeTPUUEH METOA Ha
KpalfHUTE eIeMEHTH 3a pelllaBaHe Ha TPUMEpHa 3aj1a4ya 3a MMpecMsITaHe Ha MMOTOKa Mpe3 rpaHulla
ChC CJIOXHA TeoMmeTpus. B mpuinoxkenara pa3paboTka € HaMmepeHa OIleHKAa Ha Tpelikara B
NpUOMDKEHUAT TIOTOK TIOJMY4YeH 4Ype3 KPHUBOJMHEHHH HW30MapaMeTpUYHU EJIEMEHTH OT
npou3BosiHa cteneH. IIpenacraBenu ca oOmm pesynraTd BauAHU 3a Bcuuku 3D obmactu c
Jlunmmn-HenpekbcHata rpanuna. OleHeHa € Tpenikata oT NpuOmmKaBaHe Ha o00JacTTa.
HampaBenn ca opuruHamHu J[10Ka3aTeJICTBA 3a CKOPOCTTa Ha CXOIMMOCT, MpPU KOETO
CBILIECTBEHO € M3IMO0JI3BaHO H300pakeHneTo Ha JIboHoap. [lomyuenuTe pe3yaTatu mo3BOJsSBAT
Ha MH)KCHEPUTE J1a IPECMETHAT II0TOKA IPe3 KPUBOJIMHENHU IPAHULIM, U3IIOI3BANKY METOa Ha
KpailHUTE €JIEMEHTH.

Second-Order Elliptic Problems in Domains with Complex Geometry

A 3D problem for calculating flux across two-dimensional closed Lipschitz-continuous
boundary is considered. Formally, this is a problem where both sides have different dimensions.
The main goal of this paper is to obtain error estimates for 3D consistent boundary-flux
approximations. An isoparametric approach 1is used for constructing finite-element
approximations. This research study presents a convergence analysis of 3D boundary-flux
approximations. Error estimates are proved for the approximate solutions of the problem under
consideration. General results for a consistent boundary-flux problem are obtained for all 3D
domains with Lipschitz-continuous boundary. The obtained results enable engineers to calculate
the flux across the curved boundaries using the finite element method. The paper presents an
1soparametric finite-element method for a 3D consistent boundary-flux problem in domains with
complex geometry. The work is addressed to the possible-related fields of interest of
postgraduate students and specialists in fluid mechanics and numerical analysis.
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